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In constructing the table of bond-valence balance for fl-HBO2, Zachariasen [Aeta Cryst. (1963), 16, 
385-389] makes use of two empirical correlations between bond valence and bond length: one for B-O bonds 
and one for hydrogen bonds, whose bond valence he apportions to O-H and H. • • O on the basis of the 
O-O distance. The root-mean-square deviation Avrm~ from the formal anionic charges being taken as 
the criterion, Zachariasen's curve compares as follows with three analytical functions proposed in the 
literature: 0.07 v.u. (Zachariasen, 1963); 0"10 [Pauling, J. Amer. Chem. Soc. (1947), 69, 542-553]; 0.09 
[Donnay & Allmann, Amer. Min. (1970), 55, 1003-1015; D-A]; 0-10 [Brown & Shannon, Acta Cryst. 
~1973), A28, S 107]. The D-A curves are then applied to three recently refined borate structures. The 
resulting Z~Vrms values [0.08 v.u. for CaB6Oa(OH)4.3H20, gowerite; 0.04 for K2BsOaOH. 2H20; 0.07 for 
Na2B406(OH)2.3H20, kernite] show the adequacy of the procedure. Though lacking any obvious 
theoretical basis, such curves are useful (at their own level of depth) in interpreting structural details 
through the quantitative application of Pauling's charge-neutrality principle: distorted coordination 
polyhedra are seen as the expression of the drive toward minimization of Avrm~. 

Introduction 

Zachariasen (1963) published two curves relating bond 
valence* to bond length for B-O and O - H .  • • O bonds. 
No explanat ion was given of  how the curves were ob- 
tained, but  a reason for their presentation was stated: 
'It is useful to interpret structural results for borates in 
terms of  the principle of detailed neutralization of  val- 
ence first set forth by Pauling (1929) . . . ' .  

Donnay  & Al lmann  (D-A)  (1970) offered a proce- 
dure for constructing an analogous curve for any cat ion-  
oxygen (or cation-fluorine) pair  for a given coordina- 
tion polyhedron in a known crystal structure. The 
anionic bond-valence sums so obtained (each one being 
the sum of  the valences of  bonds reaching an anion) 
have proved so reliable that they have been put to 
many  uses (Donnay  & Al lmann,  1972) besides the ori- 
ginal one of  locating protons and hydrogen bonds in 

* Zachariasen (1963) spoke of the 'bond strength' or 
'valence strength', which he symbolized v~j and expressed in 
'valence units, v.u.'. His symbol and unit suggested the term 
'bond valence', which was proposed by Donnay & Allmann 
(1970), or 'Pauling-bond valence', previously used by Donnay 
(1969). Pauling (1949) has used 'bond order' or 'bond number' 
(Pauling, 1947), originally for metallic compounds. Pauling's 
'bond strength' (1929, p. 1017), defined as z/v (formal 
charge z of the cation divided by its coordination number v) 
implies an ideal polyhedron, with equal cation-anion bond 
Iengths, and corresponds to the 'ideal bond valence v~' of 
Donnay & Allmann (1970). In case of a distorted polyhedron, 
it corresponds to the 'mean bond valence ~'; numerically f 
equals vi. 

structures determined by X-rays. The method,  how- 
ever, has not yet been applied to borates, and it is one 
of the purposes of  this paper  to show, for a representa- 
tive sample of borate structures of mineralogical  inter- 
est, how these curves work. We shall apply them to 
gowerite (Konnert ,  Clark & Christ, 1972), to 
KEBsOsOH.2HzO (Marezio, 1969) and to the very ac- 
curately known structure of  kernite (Cooper, Larsen, 
Coppens & Giese, 1973). 

Fur thermore the D - A  curves have not yet been com- 
pared with the other curves in the literature, and the 
paper  starts with such a comparison.  The structure of  
fl-HBOz (Zachariasen, 1963) has been chosen as a test 
case. In addit ion to Zachariasen 's  own curves and 
those of D - A ,  already mentioned, the following curves 
are applied: a curve based on the modified Pauling 
(1947) logari thmic formula  that  relates bond valence to 
atomic radius and the curve recently proposed by 
Brown & Shannon (1972). 

Comparison of published curves applied to ~-HBO 2 

The modified Pauling curve 
Pauling (1947) proposed the formula  

R ( v ) = R ( 1 ) - k  log v, k = 0 . 3 0 0  (1) 

(rewritten here with v instead of n to designate the 
bond valence), to be used for metals and alloys. R(v) 
and R(1) designate radii that correspond to the values 
of  the bond valence given between parentheses. By- 
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strSm & Wilhelmi  (1951), followed by Evans (1960), 
modified equation (1) to make it applicable to V-O 
bonds. 

For  our purpose, which is to obtain the bond valence 
of a B-O bond in terms of its length, we add, to each 
member  of (1), the oxygen radius Ro that will make 
RB + Ro equal to the B-O bond length L. 

We write 

and 
RB(v) + Ro = RB(1) + Ro - k log v (2) 

L(v) = L(1) - k' log v. (3) 

Ro varies so little with change in bond valence (Shan- 
non & Prewitt, 1969) that it could be assumed to be 
constant, in which case the value o f k  would be the same 
in (2) as in (1). We do not have to postulate this equal- 
ity, however, as we will use experimental values of  B-O 
bond lengths (obtained from the fl-HBO2 crystal struc- 
ture), which will therefore automatically reflect what- 
ever difference in oxygen radii exists. This is the reason 
why we introduce k'  (instead of k) in equation (3). 

In equation (3) we first set v=v ' ,  then v = v " ,  thus 
getting two relations, which on subtracting yield a for- 
mula  from which L(1) has been eliminated, 

L ( v ' ) -  L ( v " ) = k '  log (v"/v') . (4) 

F rom the structure under  consideration (here, that  of 
fl-HBO2), we obtain the experimental  mean  bond 
lengths for v ' =  ¼ and v " =  1, which correspond to tetra- 
hedral boron tVB and tr iangular boron mB respectively: 
L(¼)= 1.472/~. and £ ( 1 ) =  1.366 ./~. Substituting in (4) 
yields k ' = 0 . 8 5  (or 1/k '= 1.176). Equation (3) can now 
be written, with v as a function of L, 

It log v(L)= k [ L ( 1 ) - L ] ,  (5) 

whence 
V : l 01 "176(1 "366 -- L ) .  (6) 

Data  for plotting this curve are given in Table 1 (co- 
lumn 1). The curve is slightly concave upwards. 

Table 1. Bond lengths L(A)  corresponding to selected bond valences v for  various curves o f  v(O-H) vs. L(O-H)  

Pauling (1947) Zachariasen Donnay-Allmann (1970) Brown-Shannon 
v(O-H) (modified) (1963) (a) For mB (b) For *VB (1973) 

1.4 v.u. 1-242 A 1-274 ,~ 1-207 A 1-244 A 1.261 ,~ 
1"3 1"269 1"287 1"240 1"269 1.286 
1.2 1.299 1.304 1.277 1.297 1.312 
1.1 1.331 1.330 1.319 1.327 1.342 
1.0 1.366" 1.365 1.366" 1.362 1.375 
0-9 1.405 1.409 1.416 1.401 1.413 
0.8 1-448 1.453 1.467 1.447 1.456 
0.75 1.472" (1.475) 1.492 1.472 1.480 
0.7 1.498 1.497 1.517 1.498 1.507 
0.6 1.554 1-541 1.568 1.551 1.567 
0.5 1.621 1.585 1.618 1.605 1.642 
0-4 1.704 1-668 1.658 1.739 
0.3 1.810 1.719 1-711 1-872 

* Experimental, from fl-HBO2. 

Table 2. Anionic valence sums calculated by various methods for  fl-HBO2* 

Empirical 
Equation (6) correlation Equation ( 1 0 )  Equations (7), (8) 

Anion Pauling Zachariasen Brown-Shannon Donnay-Ailmann']" 

O(1) 1.89 v.u. 1-91 v.u. 1.94 v.u. 1.87 v.u. 
O(2) 1.92 (1.99) 2-05 (2.00) 2.04 (2"03) 1.99 
0(3) 1.91 1.92 1.91 1.94 
0(4) 1"98 (2.04) 2-10 (2"05) 2"09 (2"09) 2"03 
O(5)H 0.99 (1-00) 1.00 (1.00) 1.03 (1.03) 1.00 
H,O(6) 0.42 (0.18) 0.05 (0.14) 0.18 (0.20) 0.17 

Equation (6) 101"176(1"366-L) 

~Avvms(1) 0"19 0"07 0"10 
dVrmd2) O" 10 0"08 O" 1 o 0.09 

* Crystal structure by Zachariasen (1963): P2da, Z= 12, all atoms in general position. 
II i  I I |  = t For B(1): L=l .367~ ,p=2 .72 ,  v~=l v.u. For B(2): L=l '366.~,p=2-71,  v l=l  v.u. For iVB(3): L 1-472A, p=3.70, 

Vl=¼ V.U. 
Avrms(1): hydrogen-bond corrections made by individual curves P, Z, B-S of Fig. 4. 
Arras(2): hydrogen-bond corrections by L-S curve (Fig. 4). 



G A B R I E L L E  D O N N A Y  A N D  J. D. H. D O N N A Y  1419 

Note that the value of k' could also be calculated 
with data taken from the Tables of effective ionic radii 
(Shannon & Prewitt, 1969). This course will be un- 
avoidable whenever, in the structure at hand, all the 
cations of a given chemical kind have the same coordi- 
nation number, yielding only one L to use in equation 
(4). The other £ needed can be obtained by addition of 
effective ionic radii, in which the Ro will be the weighted 
average of the values given in the Tables for the differ- 
ent coordinations of oxygen. 

To obtain the modified Pauling equation giving 
v(O-H) as a function of L(O-H), we make use of two 
mean bond lengths (obtained by neutron diffraction): 
L(1)= 1.006 A and L(½)= 1.225 .~.. We calculate k = 
0.728; 1/k'= 1.374, and write the equation 

v(O-H) = 10 L'374(1"°°6- r.). (6') 

But this relation, when applied to the O-H bonds in 
HBO2, gives quite unreasonable valences. It has there- 
fore been used to derive a relation between the O-O 
distance in a hydrogen bond and the bond-valence 
transfer v(H..  • O) from the donor to the acceptor oxy- 
gen atom. The derivation follows the procedure used by 
Brown & Shannon (1973). For a number of pairs of 
complementary v values, v (O-H)=v and v (H. . .  O)=  
1 - v ,  the corresponding bond lengths are calculated by 
means of equation (6'). For each pair the sum L(v)+ 
L(1 - v )  gives the O-O distance, on the assumption of a 
linear hydrogen bond. The curve (Fig. 4) is then plotted 
point by point. 

The Zachariasen curve for B-O bonds 
Zachariasen (1963) published the coordinates of ten 

points (Table 1, col. 2), from which his empirical curve 
v(O-H) versus L(O-H) can be drawn (Fig. 1). We note 
that it passes through points v = 1 v.u., L = 1.365 A and 
v= k V.U., L =  1"475 A. As L increases beyond 1.365, v 
is seen to decrease linearly from one to zero where the 
extrapolated straight line intersects the L axis, at L =  
1-805 A. As L decreases from 1.365 A, the curve be- 
comes concave upwards. 

The curve of v(H-- .  O) vs. O-O distance (Fig. 4) is 
also plotted point by point from the data given by 
Zachariasen (1963, Table 9). 

The Donnay-Allmann curves for i i iB-O a n d  tvB-O 
bonds in the fl-HBO2 crystal structure 

The fl-HBO2 crystal structure contains two trico- 
ordinated boron atoms, ~'B(1) and roB(2), for which 
the curves are practically identical (see note to Table 2). 
The curve for tetracoordinated lVB(3) differs notably 
from the other two. 

Each curve is linear for £, < L < Lmax, where/ ,  is the 
mean bond length of the coordinated polyhedron under 
consideration, for which v equals vi, the ideal bond 
valence, and Lmax is the cut-off value beyond which the 
bond valence is taken to be zero. Lmax is obtained 
graphically as follows. Draw the curve of v vs. effective 
ionic radius, here a straight line through the two 
points ( IR= 0-02, v= 1 ; IR=0.12,  v=¼) given by Shan- 
non & Prewitt (1969) for boron, extrapolate it until it 
intersects the axis of abscissae at Rmax(B)=0.42, then 

(~.u.) 
1.50 

'.-.-Z \~, B-S 
~'~,D-A(iv) 

"~ ~- ~ ' ' ~ :  .~.. 

~ : x  ID-A(lii) 
~_L~"a_-_oJ . . . . . .  ~ / z 

1,00 " -~  ~- - :  ---" . . . . . . .  ~ B - S  

• _ 

. . . . . . . . .  . . . .  

0 I I + I I I I I I I 
1.300 1.350 ~ i.400 I.al~O 1.472 1.500 LS~{:) 1.600 1o650 I.'/(X) 1.7130 1.800 1,850 1.870 

L (B-O) (~) 
Fig. 1. Curves of bond valence (v.u.) vs. bond length (A) for B-O in fl-HBO2: P, Pauling (1947) modified; Z, Zachariasen (1963); 

D-A, Donnay-Allmann (1970); B-S, Brown & Shannon 0972). On this figure the B-S curve obeys the equation 
v=(1.370/L)  4"°°6 of 1972. 
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likewise find the m a x i m u m  radius of oxygen Rmax(O ) = 
1.45, and add the two to get the m a x i m u m  bond length 
Lmax(B-O) = 1"87. The equation of  the linear segment is 

V Lma x - L 
VI -- Zmax__ ~ (7) 

For 0 < L <  L the curve is concave upwards, obeying 
the equations 

v, (8) 

with p = Z/(Lma x - / ~ ) ,  SO that the linear segment is tan- 
gent to the curved segment at L =  L. 

Numerical  data for plott ing the curves for ttlB-O and 
~vB-O are listed in Table 1 (columns 3a and 3b). For  
"~B-O equation (8) becomes 

v=(1.366/L)V71; 

for V~B-O, it is 

v=(¼) (1.472/L)3"7°=(1.362/L)3"7o. (9) 

Donnay  & Al lmann  obtain the effective fractional 
charges on non-equivalent  oxygen atoms in a l inear 
hydrogen bond f rom the Lippincott  & Schroeder (1955, 
Fig. 5) curve. This curve also appears on Fig. 4. 

The Brown-Shannon curve for B-O bonds 
Brown & Shannon (1973) give the following equa- 

tion,* rewritten in our notation, 

_ _ _  

Vo ' (10) 

I . I 0  - -  

V 

IV.U) \ 
\ 

\ 
\ 

,X, \. 
,.os - " , \  \ ,, ' \  

"',. 
1.0( . . . . . . . . . .  ~ "\" ' \ \  

0.95 - Z ' ~ J > ~ " "  

I I I I 
1.35 I. 36 1.3661.37 1.38 

L(iliB-O) (~) 
Fig. 2. Enlargement of Fig. 1 in the region applicable to tri- 

coordinated boron, near L("~B-O)= 1.366, ('or 1.345_<L< 
1.385. On Figs. 2 and 3 the B-S curve obeys the equation 
v= (].375/L) 3"9 of 1973. 

in which v0 is chosen as unity and the numerical  val- 
ues are fitted parameters,  t The mathemat ica l  form o f(10) 
is that  of  (8). Whereas equation (8) is valid only for 
L < L and the values of  the constants in it are character- 
istic of  one polyhedron,  equation (10) applies over the 
whole range of L and for any B-O bond, in any co6r- 
dination, in any crystal structure. Numerical  data for 
plott ing the curve are listed in Table 1 (column 4). 

The Brown-Shannon  treatment of  the charge trans- 
fer in ahydrogen  bond has been explained above, where 

* Previously given for Li-O, Be-O and B-O (Brown & 
Shannon, 1972) as v=(1.370/L) 4"°°6. 

t It is hard to see why Brown & Shannon considered the 
constant v0 at all: in a formula where all the parameters are 
to be fitted, the v0 could have been included directly in the 
constant between parentheses, as in equation (10), where the 
v0 = 1 can be omitted. They state that v0 can be chosen arbitra- 
rily, which is of course true. For instance, for v0 = ¼, equation 
(10) would be written 

/) (1"480) 3.9 
. . . . .  ~ . . . .  

(¼) 

[cf. equation (9) in the preceding section]. In Brown & Shannon 
(1973, Table 1) a great many v0 values are listed, every one of 
them a rational number, as the quotient of a formal charge 
by a coordination number would be. 

v ,,~ 
(¥.U./ "~'~,~",'N, 

0.75 . . . . . . . . .  ~ ~  

0.70 ~ °~ 

',., 

o . s 5  ~ . \ .  
P ~ , / - , , , , , ~ \ .  \ 

D-A / "\,"~.\ \ 

o.eo - Z ~ ' ~ ' " ,  

i ~' L I 
1.45 1.472 150 L (~" O) (A) 1.55 

Fig. 3. Enlargement of Fig. ] in the region applicable to 
tetracoordinated boron, near L(IVB-O)= 1"472, for 1.433< 
L<1.553. 
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it was applied to the Pauling procedure. The curve of crossing it at O-O ,-,2.65 ~ and becoming the highest 
v(O-H) vs. L(O-H) here obeys the equation curve at O-O ~2-88. 

v(O-H)=(O.864/L) 2"2. (10') 

The final curve v(H. • • O) vs. O-O distance (Fig. 4) has 
again been plotted point by point. 

Comparison of  v(B-O) curves 

The general trend of the v vs. L(B-O) curves, drawn 
over a wide range of L(B-O), 1.250 < L < 1.870 (Fig. 1), 
shows the curves close together in the regions where 
they are actually used, that is, in the neighbourhood of 
L(i t lB-O)= 1.366 and L(tVB-O)= 1.472, but diverging 
at both ends. On this figure the Pauling curve has been 
omitted, except in the region L > 1.600, where it lies just 
below the B-S curve. From L = 1.250 to L = 1.366, the P 
curve runs below the Z curve and above the D-A  (iii) 
curve. Near L = 1.366 it is above the Z curve, which it 
crosses at L =  1.366 (Fig. 2). It then lies a little above 
the D - A  (iv) curve to L = 1.472, where it merges with 
it; at L =  1.56 the two curves separate again (Fig. 3). In 
the useful regions (Figs. 2 and 3) the B-S curve stays 
above all the others, which are close together. On the 
whole, the curves are remarkably similar, a fact that 
should not occasion surprise since all of them were de- 
signed to express empirically observed variations of the 
bond valence with changes in bond length. 

The hydrogen-bond treatment. Comparison of  the 
v ( H . . .  O) curves 

The neutron-diffraction data collected by Hamilton 
& Ibers (1968, Appendix) show that there is no one-to- 
one relation between the O-O distance and the O-H 
bond length. By testing, for numerous neutron-refined 
structures, the valence transfer due to hydrogen bond- 
ing, first as a function of O-H and then as a function of 
O-O, it was found that the O-O distance, combined 
with the Lippincott & Schroeder (1953) curve, gives 
better anionic valence sums than does the O-H length. 

Zachariasen (1963) treats H as just another cation 
contributing its share of bond valence to the oxygen 
atoms to which it is bonded; he gives two curves for 
bond valence, one in terms of O-H,  the other in terms 
of O-O, but gets the valence transfer from the latter in 
constructing his bond-valence balance table. 

Brown & Shannon (1973) realized that the v(O-H) 
vs. L(O-H) curve is unusable and have rallied to the use 
of the O-O distance for determining the charge trans- 
fer. 

We found that the modified Pauling equation (9) 
likewise gives a useless curve of v(O-H) vs. L(O-H) and 
we have derived the corresponding v ( H . . .  O) vs. 0 - 0  
curve. 

The Z curve (Fig. 4) mostly runs above the L-S 
curve, the P curve below. The B-S curve occupies a 
central position, cutting across the other three, inter- 
secting the P curve at O-O ~ 2.52 _~, staying very close 
to the L-S curve for low values of the O-O distance, 

Comparison of  the anionic bond-valence summations 

The anionic bond-valence sums are compared (Table 
2) by listing them for each of the four methods and 
showing the root-mean-square deviation Av:ms in each 
case. On this basis Zachariasen's procedure comes out 
best (3Vrms=0"07), which was to be expected since 
Zachariasen's curves were constructed in connexion 
with this particular crystal structure. If the hydrogen- 
bond corrections are made according to the L-S curve, 
the 3Vrms increases from 0.07 to 0.08. The Pauling 
v(O-H) vs. L(O-H) curve, combined with the corres- 
ponding P curve for hydrogen-bond correction (Fig. 4), 
gives Avrms=0"19; when combined with the L-S curve, 
it gives A vrm~ = 0" 10. The Brown-Shannon curves (Figs. 
2, 3 and 4) give Av~m~=0"10, a result that remains un- 
altered if the hydrogen-bond corrections are made ac- 
cording to the L-S curve. With Z]Vrms=0"09 the D - A  
curves, used in combination with the L-S correction 
for hydrogen bonds, may have a slight advantage over 
the modified Pauling and the B-S procedures. 

It is fair to remark that, in spite of their analytical 
similarity, the B-S curve and the D - A  curves are es- 
sentially different in their very concept: the B-S curve 
is meant as a universal curve, valid for all the bonds 

~'(O-H', 
~ 0r.u) 
I 0.6C 

~'(H...O) (~'.u) 

' I -o4o 
- 035 

~ -- 0.30 

z.lo z.lo 2!zo 2.1o 2. / ~ ,.I,o 1 
O-H-.-O (,~) 

Fig. 4. Curves of bond valences v(O-H) and v(H.. .O)vs 
O-O distance: L-S, Lippincott & Schroeder (1955); Z, 
Zachariasen (1963); P, Pauling (1947) modified; B-S, Brown 
& Shannon (1973). 
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which  one e lement  or a g roup  of  e lements  can  m a k e  
wi th  oxygen for  ins tance,  and  it co r responds  to several 
D - A  curves. The  la t ter  are des igned to be appl ied  to a 

crystal  s t ructure  tha t  is essential ly comple ted  except  for  
p ro ton  locat ion,  d o n o r - a c c e p t o r  ass ignments  and  ul- 
t imate  refinement.  F o r  a given type of  bond,  say B - O ,  

Table  3. Anionic bond-valence sums ~cV of C a B 6 O s ( O H ) 4 . 3 H 2 0  (gowerite)* 
showing bond length and bond valence of every bond reaching each anion 

Anions Cations 
Ca B(1) B(4) 

O(1) 2.730 (16) 1.330 (16) 1-450 (31) 
0.161 (3) 1.053 (33) 0.783 (61) 1.997 (69) 
Ca B(I) B(2) 

0(2) 2.470 (11) 1.360 (25) 1.490 (22) 
0-243 (3) 0.993 (48) 0-717 (39) 1-953 (61) 
Ca B(1) B(3) 

0(3) 2.540 (17) 1.380 (23) 1.380 (15) 
0.220 (5) 0.954 (42) 0.942 (27) 2.116 (50) 
Ca B(2) B(3) 

0(4) 2.440 (13) 1.470 (24) 1.330 (25) 
0.254 (4) 0.754 (45) 1-039 (50) 2.047 (67) 

B(2) B(5) 
0(5) 1.480 (23) 1.320 (30) 

0.735 (42) 1.097 (67) 1.832 (79) 
Ca B(2) B(4) 

0(6) 2.520 (11) 1.450 (31) 1.440 (27) 
0.226 (3) 0.794 (62) 0.803 (54) 1.823 (82) 
Ca B(3) B(4) 

0(7) 2.720 (14) 1.340 (24) 1.500 (19) 
0.164 (3) 1.019 (47) 0-689 (32) 1.872 (56) 

B(4) B(5) 
0(8) 1.480 (23) 1.380 (31) 

0.726 (41) 0.971 (59) 1.697 (71) 

Anions 

O(9)H 

O(10)H 

O( l l )H 

O(12)H 

HzO(13) 

HzO(14) 

Cations ~ uncorr. 

H-bond 
uncorr, correction Y. corr. IAvl 

H20(15) 

2-00 (7) 0"00 

1-95 (6) 0-05 

2.12 (5) 0.12 

2-05 (7) 0.05 
fr o m 
O(9)H 

+ 0.206 2.04 (8) 
from 
HO(15)H 

+ 0.095 1.92 (8) 

f rom 
O(12)H 

+0.198 

H-bond corrections 

0"03 

0"08 

1.87 (6) 0.13 

1.90 (7) 0.10 

Y corr. IAol 
B(5) from to 
1.400 (23) O(10)H 0(5) 
0.932 (42) 0.932 (42) +0.255 -0.206 0.98 (4) 0.01 

Ca B(6) to 
2.420 (17) 1.340 (34) 0(9) 
0.262 (6) 1.054 (72) 1.316 (72) -0.255 1.06 (7) 0.06 
Ca B(6) to 
2.660 (17) 1.410 (31) O(15) 
0.183 (4) 0.913 (56) 1.096 (56) -0.218 0.88 (6) 0-12 

B(6) from to 
1.350 (23) HO(13)H 0(8) 
1.033 (47) 1.033 (47) +0-210 -0.198 1.04 (5) 0.04 

Ca from to to 
2.360 (17) HO(14)H O(15) O(12) 
0.286 (7) 0.286 (7) +0.142 -0.172 -0.210 0.05 (5) 0.05 

from to 
HO(15)H O(13) 

+0.176 -0.140 0.03 (3) 0.03 
from from to to 
HO(13)H O(11)H 0(6) O(14) 

+0"172 +0"218 -0"095 -0"176 0"12 (6) 0"12 
Av~,,s = 0"08:~ 

Ca B(I) B(2) B(3) B(4) B(5) B(6) 
L 2.540 1.357 1.472 1.350 1.467 1-367 1.367 
Lma~ 3"250 1 "870 1 "870 1 "870 1 "870 1 "870 1 "870 
p 3"577 2'643 3"704 2"596 3"646 2"715 2"715 
vt 2"00/9 3"00/3 3"00/4 3"00/3 3"00/4 3"00/3 3"00/3 
N.F.t  0"990 0"999 0"999 I'000 0"999 0"998 0"999 
~AV 2"000 3"000 3"000 3"000 3"000 3"000 3"000 

* Crystal structure by Konnert et al. (1972). 
t N.F.=normalization factor. 

We repeated the bond-valence summations with the modified Pauling formula, combined with the L-S curve, and found 
Arms-----0"09. The Brown-Shannon curves gave AVrms=0"10, whether the hydrogen-bond adjustment was based on the B-S curve 
or on the L-S curve (Fig. 4). 
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the maximum bond length Zmax is determined once and 
for all and will provide one of the two needed experi- 
mental points for any D-A curve. Together with the 
point (v~, L) provided by one coordination polyhedron, 
it will yield the curve that is to be used in the vicinity o f  
this particular L. Such a curve thus embodies, coming 
from the structure itself, considerable factual informa- 
tion that intuitively one cannot help feeling should give 
it the edge (for the structure at hand) over the averaged 
information gathered from the whole literature. 

In the light of the previous remarks, it is clear that 
the Pauling equation can be used to give either a uni- 
versal curve or one that applies especially to a given 
structure. In this paper we have modified it in the latter 
sense, as we have determined the constant k' from two 
experimental points drawn from Zachariasen's/~-HBO2 
structure. If the two required points were averaged 
values taken from the Brown-Shannon literature sur- 
vey, the Pauling curve, as a universal curve, might turn 
out to be a successful competitor to the B-S universal 
curve. 

One last conclusion: for several purposes all the 
curves discussed above will prove equally serviceable. 
Telling an (OH)- or an H20 from an 02- ,  for instance, 
does not require much accuracy in the bond-valence 
sums and any one of the curves gives the answer (see 
footnote to Table 3). 

D - A  curves applied to other borates 

We shall treat the other three borate structures men- 
tioned above in the order of decreasing value of the 
residual R. 

Gowerite, CaB6Os(OH)a.3H20, belongs to space 

group P21/a, Z =  4, and has all its atoms in general po- 
sition 4(e). A final R of 9.0% was obtained with ex- 
tinction correction and anisotropic temperature factors 
by Konnert et al. (1972). From the published coordi- 
nates and their a's, we calculated the interatomic dis- 
tances and their a's, which are the input data for our 
valence-sum program. The print-out (Table 3) shows, 
for each bond, the bond valence under the bond length; 
it also lists the parameters:/_,, Zmax, p, vi and a normali- 
zation factor by which we multiply all bond valences in 
a given column to set their sum equal to the formal 
valence of the cation heading the column. The stan- 
dard deviations following the bond-valence entries are 
calculated from those of the bond lengths, except for 
the water molecules, where they are based on the a's of 
the O-O approaches (Table 4). Every anionic valence 
sum equals the formal charge of the anion to within 30" 
or better. We find AVrm s = 0"08 V.H. There is a change in 
donor and acceptor relation from the one previously 
published (Konnert et al., 1972): H20(15) donates a 
hydrogen bond to HzO(14) and not vice versa. 

A related but more precisely known structure is that 
of KzB508OH.2HzO, which crystallizes in Pna21 with 
Z = 4  and all atoms in general position. It was refined 
by Marezio (1969) to an R of 4.4 %. The anionic valence 
sums and their a's (Table 5, left side) show highly satis- 
factory agreement: the Z~Vrm s is found to be 0.04. 

Kernite, NazBaO6(OH)z.3HzO, space group P21/c, 
Z = 4 ,  all atoms in general position, has been used by 
Cooper et al. (1973) for a residual charge determination, 
for which X-ray data of the highest accuracy were 
needed. The structure was refined to an R of 3.4%. 
Professor Coppens provided us with the interatomic 
distances involving all but the hydrogen atoms, for 

Table 4. Oxygen approaches in gowerite 
Donor Acceptor Distance (A) Donor Acceptor Distance (/~) 
O(10)-H. • • 0(9) 2.607 (23) O( 12)-H. • • 0(8) 2.725 (23) 
O(11) O(15) 2-679 (26) O(15) O(14) 2-774 (26) 
O(13) O(12) 2.693 (22) O(13) O(15) 2-782 (14) 
0(9) 0(5) 2.706 (23) O(14) O(13) 2.867 (33) 

O(15) 0(6) 3.020 (23) 

Table 5. Anionic bond-valence sums ~,cV before and after H-bond correction 

K~BsOsOH. 2HzO* Na2B406(OH)2.3H20 (kernite)t 
Anions Y. uncorr. Y. corr. Anions ~ uncorr. Y. corr. 
O(1) 1.844 (16) 2.00 (2) O(1) 1.869 (4) 2.04 (0) 
0(2) 1.998 (13) 2.00 (1) 0(2) 1-747 (5) 1.97 (1) 
0(3) 1.907 (15) 1.99 (2) 0(3) 1-811 (5) 1-97 (1) 
0(4) 1.894 (14) 1.99 (1) 0(4) 1.999 (5) 2.00 (1) 
0(5) 1.719 (15) 1.91 (2) 0(5) 1.730 (5) 1.87 (1) 
0(6) 1.999 (13) 2.00 (1) O(6)H 1.143 (3) 1.14 (0) 
0(7) 2.031 (13) 2.03 (1) O(7)H 0.973 (3) 0.99 (0) 
O(8)H 1.210 (11) 1.02 (1) H20(8) 0.196 (0) 0.00 (0) 
0(9) 2.027 (15) 2.03 (2) 0(9) 1.913 (5) 1.91 (1) 
H20(10) 0.344 (10~ 0.10 (1) H20(10) 0.376 (0) 0.08 (0) 
HzO(11) 0.140 (10) 0.04 (1) H20(I 1) 0.244 (0) 0.03 (0) 

Avrms=0"04 v.u. Av...~=0"07 v.u. 
* Crystal structure by Marezio (1969). 
I" Crystal structure by Cooper et al. (1973). 
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which the anionic valence sums (Table 5, right side) 
were calculated. From all the oxygen-oxygen approach- 
es that could possibly be hydrogen bonds, we have cho- 
sen the only set that led to satisfactory corrections to 
the anionic valence sums (Table 5, last column), with 
Z~/ ) rm s = 0.07 v.u. Only then were the predicted hydrogen 
bonds checked and confirmed by Cooper et al., who had 
determined them directly on a Fourier-difference map. 

ionic alkali halides. Indeed, Professor C. A. Coulson 
(private communication, 29 September 1971) has ap- 
praised the hope of finding a theoretical basis for the 
D-A curves as follows: 'I do not see any reasonable 
chance of proving the truth of any relation of the kind 
that you use, connecting the bond order (or equivalent) 
and the interatomic distance. The validity must be that 
the scheme works'. 

What little theoretical justification there is 

If a general equation were available giving the free 
energy of a crystal in terms of its interatomic distances 
and other measurable parameters, the terms in such an 
equation could be expected to bear some relation to the 
curves we have examined, which relate bond length to 
bond valence. Pauling (1929), Zachariasen (1931), 
Brown & Shannon (1973), all begin their discussion 
with a reference to the Born expression of the lattice 
energy 

Ae z B 
~0(L) = - L  + L " '  (11) 

which applies to a 100% ionic, alkali halide crystal, 
and a kind of bonding we now know does not exist. 
This equation was improved by Born & Mayer (1932)to 
read 

Ae 2 C blb2 -L/o 
tp(L) = - L - t 6 + e + e,  (12) 

where A is the Madelung constant, L is the shortest in- 
teratomic distance (a rational fraction of the cell edge 
in alkali halide crystals), C is a constant, bl and b2 are 
constants depending on the ions present, ~o is equal to 
0.345, and e is the zero-point energy. 

For interatomic distances greater than the mean 
v a l u e - a  value that will approximate the sum of Shan- 
non & Prewitt's (1969) effective ionic r a d i i - t h e  Cou- 
lomb-attraction term, -AeZ/L, should be the most im- 
portant one, and if the bond valence were proportional 
to it, we could predict a bond valence inversely propor- 
tional to bond length. Zachariasen's empirical B-O 
curve, instead, is linear from L = 1.365 A to a maximum 
value tmax = 1"805 ]k, and so is each D- A  curve for 
L_<L. 

For interatomic distances smaller than the mean, the 

repulsion term + blb2 e-Wo should become dominant 

and the expression of v would be exponential in L. 
Pauling's equation is of this form and indeed over the 
whole range of bond lengths. Brown & Shannon have, 
for all values of L, one and the same curve which is 
essentially that used by Zachariasen and Donnay-All-  
man on the short-bond-length side, one in which the 
bond valence is proportional to L -p. 

In view of the success of these curves for structures 
with a wide range of bond types, any relation to the 
terms in the early lattice-energy equations can only be 
accidental, since these equations were set up for purely 

Practical value of the curves 

How well the scheme works in practice has been de- 
monstrated above, in the case of borate structures, by 
using the curves of bond valence vs. bond length to 
calculate the anionic sums that afford a quantitative 
check of Pauling's rule of local neutralization of 
charges. This fact being established, the curves can now 
be confidently applied to solving a variety of problems 
Erroneous crystal structures can be detected: Brown & 
Shannon (1973) have invalidated an early refinement of 
Zn3(BO3)z in Ic, while confirming the refinement in 
I2/c proposed by Baur & Tillmans (1970). To this ex- 
ample we can add that of B~O3 whose structure, deter- 
mined by the powder method (Berger, 1953), cannot 
possibly be correct, as its bond-valence summation 
gives a ZiVrm s of 0"59 v.u. 

The quantitative application of Pauling's rule of local 
neutrality also permits an interpretation of how various 
structural details arise. Bond-valence assignments ac- 
count for the distortion of coordination polyhedra, with 
a concomitant symmetry loss from the high symmetry 
of an undistorted triangle (6m2 in BO3) or  tetrahedron 
(743m in BO4). The effect of the atomic displacements is 
to minimize the Avrm,, of the structure. 

The rule stated by Christ (1960), that an oxygen ion 
not shared by boron coordination polyhedra must be- 
long to a hydroxyl group, is readily understood. The ma- 
ximum charge received by an unshared oxygen (from 
tltB) is about one v.u. If the anion were an O z- instead 
of an (OH)- ,  it would have to receive additional bonds 
from metal ca t ions - say ,  three bonds from viCa or six 
bonds from VtNa- but these cations are not present in 
sufficient numbers to fulfil such bonding requirements. 
An illustration is found in kernite (Cooper et al., 1973). 
The anion 0(6) is unshared, its bond length roB-O= 
1-383 A corresponds to a bond valence of 0.967 v.u. 
The only two ViNa cations available contribute 0.169 
and 0.006 v.u. for actual bond lengths Na(1)-O(6)-- 
2.392 and Na(2)-O(6)=3.106 A, corresponding to mean 
bond lengths Na(1)-O=2.406 and Na(2)-O--2.523 A 
respectively. The anionic sum is 1.14 v.u., and 0(6) is 
part of a hydroxyl group. A somewhat similar situation 
occurs in K2[BsOs(OH].2HzO (Marezio, 1969). 0(8) 

i l l  belongs to the " B(3) triangle and is unshared; its B-O 
bond length (1.379 A) is greater than the mean (1.369 
A) so that its bond valence is correspondingly reduced 
(to 0.979 v.u.); the potassium contributions, 0.114 v.u. 
from rinK(l) and 0.118 v.u. from v~K(2), bring the 
bond-valence sum to 1.211 v.u.; 0(8) is part of a hy- 
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droxyl group, which transfers most of its excessive posi- 
tive charge to 0(5) via a hydrogen bond and leaves the 
anionic sum at 1.02 v.u. 

An oxygen ion that is shared between a tiiB and 
iVB, on the other hand, can receive only about 1.75 v.u. 
from these two boron ions and will need some addi- 
tional cationic contribution. A single bond from a vtCa, 
however, would bring in about 0.33 v.u., for a total of 
~2.08 v . u . - a n  excessive positive charge. Driven by 
the necessity to achieve local neutralization, the oxygen 
ion will move away from one or both of its bonded bor- 
on ions to a distance greater than the mean B-O length 
for the coordinated triangle or for the tetrahedron or 
for both. The bond-valence total received from the 
boron ions will fall below 1.75 v.u., to make the cal- 
cium contribution acceptable. The Ca-O bond  length 
itself plays a regulatory role: depending on the B-O 
distances, the Ca cation will move away from (or to- 
ward) the shared anion to reinforce (or counteract) the 
lowering of the anionic valence sum, and bring about 
neutrality. 

Likewise a tricoordinated oxygen atom iiiO shared 
by two boron triangles will form roB-toO bonds 
much longer than the two mean bond lengths of the 
BOa groups, which will thus be considerably distorted. 
The third bond reaching mO will be of such a length as to 
bring the valence sum close to 2. In K2BsO8OH. 2H20, 
(Marezio, 1969) for instance, 0(9) is bonded to "iB(4) 
and iHB(5). Whereas the mean bond lengths in the two 
triangles are 1.371 and 1.370 A, the actual bond lengths 
B(4)-O(9) and B(5)-O(9) are equal to 1.390 and 1.412 
A, with corresponding bond valences of 0.961 and 
0.917 v.u. respectively. A VmK(2)-O(9) bond, 2.688 A 
in length, contributes 0.151 v.u. to raise the anionic 
valence sum from 1.88 to 2.03 v.u. 

Finally the importance of hydrogen bonding in the 
stabilization of crystal structures is dramatically brought 
out by the effect it exerts on the Avrms values. Two 
examples will illustrate the role played by hydrogen 
bonding in bringing into line valence sums that deviate 
from the formal anionic charges. For K2BsO8OH. 2H20 
the Avrms value of 0"04 v.u. (Table 5, left side), obtained 
after hydrogen bonding was taken into account, stood 
at 0.17 v.u. before the correction was applied. For 
kernite the drop in the Avrms value is equally impressive 

- from an original 0-20 v.u. to 0.07 v.u. after correction 
(Table 5, right side). Clearly, without H bonding the 
bond-valence balance in either case would be so un- 
satisfactory as to make one wonder about the stability 
of the structure. 

We thank Professor C. A. Coulson for an enlighten- 
ing discussion by correspondence and permission to 
quote his conclusion. Professor R. Allmann pointed out 
the necessity of fitting the constant in Pauling's loga- 
rithmic formula for use with B-O bonds. Professor I. D. 
Brown's comments helped clarify the derivation of the 
B-S curve of v (H . . .  O) vs. O-O distance. 
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